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I n t r o d u c t i o n I s o t r o p i c random f i e l d s a r e random f i e l d s whose autoc o r r e l a t i o n f u n c t i o n i s i n v a r i a n t u n d e r b o t h r o t a t i o n s and t r a n s l a t i o n s . A p a r t from t h e f a c t t h a t t h e i s o t r o p i c p r o p e r t y is t h e n a t u r a l e x t e n t i o n o f t h e n o t i o n o f s t a t i o n a r i t y i n o n e d i m e n s i o n , i s o t r o p i c f i e l d s d e s e r v e a s p e c i a l a t t e n t i o n b e c a u s e t h e v a r i s e i n a number o f D h v s i c a l p r o b l e m s o f i n t e r e s t among which we can mention t h e s t u d v o f s o u n d p r o p a s a t i o n i n t h e o c e a n
( 1 1 1 ChaDter 10. 1211, t h e i n v e s t i u a t i o n o f t h e t e m p e r a t u r e and press u r e d i s t r i b u t i o n s i n t h e a t m o s p h e r e a t a c o n s t a n t a l t it u d e ( [ 3 ] , 141 , and t h e a n a l y s i s o f t u r b u l e n c e i n f l u i d mechanics 151. In this paper
we s h a l l s t u d y i s o t r o p i c f i e l d s d e f i n e d by t h e i n t e g r a l where C i s a m a t r i x o f s i z e p x n , A a p o s i t i v e d e f i n i t e s y m e t r i c m a t r i x o f s i z e m n ,
and w ( d r ) a random zeromean two-dimensional Gaussian or€hogonal measure with E[jw(dy) j I = Q d r ,
2
( 1 . 2 ) where Q i s a non-negative definite matrix which commutes w i t h A.
K ( A r ) denotes here the matrix modified Bessel f u n c t i o n 09 second kind and of order zero given by -(iLl i ) ,
where y i s E u l e r ' s c o n s t a n t . H e u r i s t i c a l l y
z (~) can be d e s c r i b e d i n d i f f e r e n t i a l form by t h e 2-D s t a t e -s p a c e model
( I n V 2 -A 2 ) x ( & ) = u(;) (1.4a) z (r) = C x ( r ) , (1.4b) 
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where u (~) = a x a~ i s a two-dimensional zero-mean w h i t e G a u s s i a n n o l s e p r o c e s s o f i n t e n s i t y Q .
Note t h a t t h e p a r t i a l d i f f e r e n t i a l e q u a t i o n ( 1 . 4 a ) d o e s n o t s p e c i f y u n i q u e l y t h e s t a t e p r o c e s s x(:). An asymptotic condition must also be imposed which has for effect t o s p e c i f y t h e G r e e n ' s f u n c t i o n a WE)
a p p e a r i n g i n s o l u t i o n (1.
1). T h i s c o n d i t i o n i s t h a t t h e s t a t e p r o c e s s
x ( r ) must have f i n i t e v a r i a n c e a s 1~1 t e n d s t o i n f i n i t y . I t i s a l s o w o r t h o b s e r v i n g t h a t s i n c e t h e p a r t i a l d i f f e r e n t i a l e q u a t i o n ( 1 . 4 a ) i n v o l v e s t h e L a p l a c i a n , = Rx(r+k, s+k) ,
where 5 = h + h 3 This shows t h a t Rx(r,z) i s
1-

2-'
i n v a r i a n t u n d e r t r a n s l a t i o n . U s i n g write Thus where Irl = r , which shows t h a t Rx(r,z) i s a l s o i n v a ri a n t u n d e r r o t a t i o n . by t h e p a r t i a l d i f fe r e n t i a l e q u a t i o n ( 1 . 4 a ) , i s t h a t t h e s p e c t r a l d e n s i t y To s e e how random f i e l d s o f t h i s type a p F e a r p h y s i c a l l y , c o n s i d e r a random f i e l d z ( -) whlch i s o b t a i n e d by p a s s i n g 2-D white noise through a l i n e a r , s t a b l e , r a t i o n a l f i l t e r F ( r 2 ) which i s i n v a r ia n t u n d e r t r a n s l a t i o n s a n d r o t a t i o n s . T h e n , i f p = j i , t h e p o l e s o f F(.) a p p e a r i n p a i r s p = ? a , w h e r e a i s r e a l ( t h i s i s a consequence o f t h e c i r c u l a r syrrmetry o f F (.) ) , and t h e s p e c t r u m o f z ( . ) i s given by
(1.11)
T h i s i m p l i e s t h z t t h e f i e l d
z (.) has a r e a l i z a t i o n of the form (1.1) c r ( 1 . 4 ) .
We s e e t h e r e f o r e t h a t t h e class o f random f i e l d s w i t h a s p e c t r a l d e n s i t y o f t h e
form (1.19) i s o u i t e l a r g e . I t i s , i n f a c t , t h e anal o g o f t h e c l a s s of s t a t i o n a r y p r o c e s s e s which are o b t a i n e d by passing white noise through
a f i n i t e d i n e ns i o n a l , l i n e a r t i m e -i n v a r i a n t f i l t e r i n o n e d i m e s i o n . Here V i s a p o s i t i v e d e f i n i t e m a t r i x a n d $ ( * ) denotes a two dimensional impulse function. In Section 2 w e s h a l l show t h a t the above problem i s e q u i v a l e n t t o a c o u n t a b l y i n f i n i t e number of orthozonal one-dimensional estimation problems.
We w i l l then develop a s t a t espace Markov r e a l i z a t i o n f o r e a c h o f t h e o n e d i m e n s i o n a l e s t i m a t i o n p r o b l e m s i n S e c t i o n
3. Kalman e s t i m a t i o n t h e o r y c a n t h e n b e a p p l i e d t o e a c h p r o b l e m s e p a r a t e l y a n d t h e r e s u l t i n g e s t i ; a t e s c a n be combined i n a prop e r f a s h i o n t o o b t a i n z ( r 1 R ) .
The s t a b i l i t y o f t h e Kalman f i l t e r s a s s o c i a t e d w i t h e a c h o n e -d i m e n s i o n a l problem i s s t u d i e d i n Section 4 .
F o u r i e r S e r i e s E x p s s i o n s f o r I s o t r o p i c F i e l d s
Following [ 6 ] we e x p a n d e a c h i s o t r o p i c f i e l d a p p e a ri n g i n e q u a t i o n ( 1 . 1 2 ) i n F o u r i e r s e r i e s w h e r e t h e F o u r i e r c o e f f i c i e n t s d e f i n e some one-dimensional estimation problems
( 2 . 3 )
The main f e a t u r e o f t h i s e x p a n s i o n i s t h a t t h e F o u r i e r c o e f f i c i e n t s o f d i f f e r e n t o r d e r s a r e u n c o r r e l a t e d ,
i . e .
E [ z n ( r ) z m * ( s )
.., To o b t a i n t h e F o u r i e r e x g a n s i o n o f t h e f i e l d s s p e c i f i e d by equation
(1.1) and equation ( 1 . 1 2 ) we s h a l l T a k e u s e o f t h e f o l l o w i n g i d e n t i t y . . . t h e n t h e t o t a l e n e r g y a s s o c i a t e d w i t h u n ( r ) a n d v n ( r ) on any s t r i p must be constant, and s i n c e t h e a r e a o f an a n n u l a r s t r i p v a r i e s a s r , l t h e n o i s e i n t e n s i t i e s o f u ( r ) and v ( r ) must vary as
-. I n t h e n e x t s e c t i o n we dgvelop a s t a t e -s p a c e r e a l i z a f i o n f o r e q u a t i o n s ( 2 . 1 0 )
and (2.11).
S t a t e -S p a c e R e a l i z a t i o n s o f t h e F o u r i e r P r o c e s s e s
Let us d e f i n e two new p r o c e s s e s 5 ( r ) and 3 ( r ) a s t n ( r ) = 1' d r ' r ' I n ( A r ' ) u n ( r ' ) ( 3 . 1 ) n n ( r ) = d r ' r ' K ( A r ' ) u n ( r ' ) .
; " (3.2) C l e a r l y z n ( r ) = C K n ( A r ) E n ( r ) + C I n ( A r ) u n ( r ) . 
h'ote t h a t 5 ( * ) i s propagating"in a radia1ly"outwards d i r e c t i o n , G h i l e q ( 9 ) i s p r o p a t i n g i n a r a d i a l l y i n w a r d s d i r e c t i o n . "
The s e t of e q u a t i o n s ( 3 . 3 )
o n s t i t u t e s a s t a t e -s p a c e d e s c r i p t i o n o f p r o c e s s z ( -1 , b u t i t i s non-causal. In order to apply Kalman f i y t e ri n g t e c h n i q u e s t o t h i s s t a t e -s p a c e m o d e l ,
we must transform i t into an ordinary forwards propagating model.
This can be done by a p p l y i n g t h e method of Verghese and K a i l a t h [ a ] , for constructing backwards Markovian models, t o t h e p r o b l e m o f r e v e r s i n g t h e d i r e c t i o n o f propagation of
3 ( -1 . Let X = aIn ( r ' ) : o 5 r ' 5 r l denote the sigmanfield generzted bynthe process n ( r ' ) f o r r ' 5 r . Then where and where we h a v e u s e d t h e f a c t t h a t Q and A commute. Equations (3.4) and (3.5) can now-be rewritten as where ( r ) i s an X -m a r t i n g a l e h a v i n g t h e same int e n s i t y n Q / 2~r a s u n ( r ) . By a p p l y i n g t h e s t a t e t r a n s f o r m a t i o n (3.9)
t o e q u a t i o n s ( 3 . 8 ) , a n d u s i n g e q u a t i o n s ( 2 . 1 0 ) and
b t a i n t h e f o l l o w i n g s t a t e -s p a c e Markovian model f o r t h e n t h o r d e r F o u r i e r c o e f f i c i e n t s
xn!r) = A n ( r ) x n ( r ) + B n ( r ) u n ( r ) where denotes the Kronecker delta function. T h i s r e f l e c t s t h e f a c t t h a t a s r t e n d s t o i n f i n i t y a l l F o u r i e r p r o c e s s e s h a v e a n e q u a l i m p o r t a n c e i n t h e s e n s e t h a t t o o b t a i n m e a n i n g f u l r e s u l t s o n e w o u l d h a v e t o r e t a i n a v e r y l a r g e n u h e r of tgrms i n t h e e x p a n s i o n s ( 2 . l a ) t o (2.12). Furthermore, A , B and ? a r e c o n s t a n t m a t r i c e s and x i s s t a b l e , a n o b s e r v a t i o n t h a t w i l l be used i n t h e s e q u e l t o show t h a t t h e Kalman f i l t e r a s s o c i a t e d w i t h t h e model (3.10) i s s t a b l e . The normalized processes ( r ) and x ( r ) have a
Equation (3.16) i s a d i r e c t r e s u l t o f t h e f a c t t h a t a s r t e n d s t o z e r o t h e c o v a r i a n c e of t h e p r o c e s s behaves as
T E [ x ( f ) x ( E ) ] - n
tion problem as r t e n d s t o i n f i n i t y . T h i s i s due t o t h e f a c t t h a t t h e i n t e n s i t y o f t h e n o i
Markov i a n s t a t e -s p a c e model of ?he form where A ( r ) , B n ( r ) and C ( r ) a r e d e f i n e d by e q u a t i o n s ( 3 . 1 1 ) ( 3 . 1 3 ) , a n d whePe un(r) and t ( r ) a r e two uncorrelated zero-mean Gaussian noise irocesses with i n t e n s i t i e s -v i a e q u a t i o n ( 2 . 5 ) .
Tne i n i t i a l c o n d i t i o n a s s o c i a t e d w i t h s y s t e m (
-( 3 . 3 3 ) . A n i c e way t o i n t e r p r e t t h e a s y m p t o t i c model i s t o n o t e t h a t
I V .
S t a b i l i t y and Asymptotic Properties of the Kalman F i l t e r s W e b e g i n t h i s s e c t i o n by showing t h a t t h e s y s t e m (3.10) i s e x p o n e n t i a l l y s t a b l e .
To do t h i s we w i l l n e e d t h e f o l l o w i n g l e m a which i s an adaptation of a result of Coddington and Levinson ( [ 9 1 , p. 314 ).
Lema 4 . 1 : Let
where A i s a r e a l c o n s t a n t m a t r i x w i t h e i g e n v a l u e s a l l h a v i n g n e g a t i v e r e a l p a r t s . L e t f be real, continuous Then, the system (4.1) i s e x p o n e n t i a l l y s t a b l e .
Proof: Let $ ( t ) be a s o l u t i o n of ( 4 . 1 ) . So l o n g a s $ ( t ) e x i s t s , it follows from ( 4 . 1 ) t h a t -
B e c a u s e t h e r e a l p a r t s o f the c h a r a c t e r i s t i c r o o t s o f A a r e n e g a t i v e , t h e r e e x i s t p o s i t i v e c o n s t a n t s a r e e x p o n e n t i a l l y s t a b l e .
Proof: The proof follows by w r i t i n g by invoking the above mentioned lemma. A similar proof can be constructed for system (3.35) by absorbing
We can now s t a t e a n d p r o v e t h e m a i n r e s u l t o f t h i s s e c t i o n .
Theorem 4.2:
The Kalman f i l t e r s a s s o c i a t e d w i t h t h e models (3.10) and (3.35) are asymptotically stable. F u r t h e r m o r e , t h e e r r o r c o v a r i a n c e s a s s o c i a t e d w i t h t h e normalized processes converge to a n o n -n e g a t i v e d e f i n i t e matrix P a s r t e n d s t o i n f i n i t y , where P i s t h e solut i o n o f t h e a l g e b r a i c R i c c a t i e q u a t i o n 2 r
-=T -I=- .1) . W e showed t h a t the problem of estimati n g z ( r ) g i v e n some noisy measurement on a d i s k o f radius-R i s e q u i v a l e n t t o a c o u n t a b l y i n f i n i t e s e t o f one-dimensional estimation problems. Markovian models for the one-dimensional problems were developed and Kalman e s t i m a t i o n t h e o r y was used t o o b t a i n a smoothed e s t i m a t e o f z ( g ) given the noisy measurements. Finally, t h e Kalman f i l t e r s a s s o c i a t e d w i t h t h e one dimensional problems were shown t o b e a s y m p t o t i c a l l y s t a b l e .
I n v i e w o f t h e f a c t t h a t i n one dimension, Kalman f i l t e r i n g t h e o r y a p p l i e s t o n o n s t a t i o n a r y p r o c e s s e s as w e l l a s t o s t a t i o n a r y p r o c e s s e s , it ought t o b e p o s s i b l e t o g e n e r a l i z e o u r work t o the case where the matrices A and C a p p e a r i n g i n e q u a t i o n s ( 1 . 4 ) a r e f u n c t i o n s of r = 1 : ~ and where t h e i n t e n s i t y o f t h e n o i s e p r o c e s s e s u ( c ) a n d v (~) Ere a l s o f u n c t i o n s o f r. we examined h e r e .
